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Abstract
In terms of the sl2 loop algebra and the algebraic Bethe-ansatz method, we derive the
invariant subspace associated with a given Ising-like spectrum consisting of 2r eigenvalues of
the diagonal-to-diagonal transfer matrix of the superintegrable chiral Potts (SCP) model with
arbitrary inhomogeneous parameters. We show that every regular Bethe eigenstate of the τ2-
model leads to an Ising-like spectrum and is an eigenvector of the SCP transfer matrix which
is given by the product of two diagonal-to-diagonal transfer matrices with a constraint on the
spectral parameters. We also show in a sector that the τ2-model commutes with the sl2 loop
algebra, L(sl2), and every regular Bethe state of the τ2-model is of highest weight. Thus, from
physical assumptions such as the completeness of the Bethe ansatz, it follows in the sector
that every regular Bethe state of the τ2-model generates an L(sl2)-degenerate eigenspace and
it gives the invariant subspace, i.e. the direct sum of the eigenspaces associated with the
Ising-like spectrum.
1 Introduction
The chiral Potts model [3, 4, 12, 31, 42], which is an N -state generalization of the two-dimensional
Ising model, has been extensively studied from various points of view in recent years. The model
is solvable in the sense that its Boltzmann weights satisfy the star-triangle relation to give a
commutative family of transfer matrices [12]. In fact, the free energy, interfacial tension and order
parameters of the model are exactly calculated in the thermodynamic limit [2, 8–10].
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In the superintegrable case of the chiral Potts model, all the eigenvalues of the transfer matrix
are grouped into sets of 2r eigenvalues similar to those of free fermions. We call it the superinte-
grable chiral Potts (SCP) model and the set of eigenvalues an Ising-like spectrum [1, 2, 6–8, 41]. The
Onsager algebra is powerful to derive the spectrum of the two-dimensional Ising model [18, 38, 39],
in which a set of 2r eigenvalues corresponds to a 2r-dimensional irreducible representation of the
algebra. The approach is extended to the ZN -symmetric quantum system corresponding to the
SCP model [17, 18, 42]. However, in contrast to the Ising-case, the approach does not work enough
to derive an exact form of the spectrum for N > 3. A derivation of the exact form is established by
the approach [1, 6–8, 41] using functional relations among diagonal-to-diagonal transfer matrices
of the SCP model [11]. There, the Ising-like spectrum is described by a polynomial, which we call
the SCP polynomial. However, it is still nontrivial to define the SCP polynomial by an algebraic
method.
In this paper, we present a method for constructing basis vectors of the direct sum of the
eigenspaces associated with a given Ising-like spectrum of the transfer matrix of the SCP model
in some sector. In short, we construct the invariant subspace of the Ising-like spectrum. First,
by the algebraic Bethe-ansatz method, we show that every regular Bethe state of the τ2-model is
an eigenvector of the SCP transfer matrix. Here it is defined by the product of two diagonal-to-
diagonal transfer matrices of the SCP model with a constraint on the spectral parameters. We shall
define it in detail in Section 2.1. The τ2-model is the integrable N -state spin chain corresponding
to a nilpotent case of the cyclic L-operator [34, 35]; the transfer matrix constructed from the cyclic
L-operators commutes with the transfer matrix of the chiral Potts model [13]. Secondly, we show
in a sector that the τ2-model has the symmetry of the sl2 loop algebra, L(sl2), and also in the
sector that every regular Bethe state of the τ2-model is a highest weight vector of the symmetry.
Thus, the degenerate eigenspaces are generated by regular Bethe eigenstates [25, 37] in the sector
through the symmetry. Here we shall define regular Bethe states in Section 2.2. Thirdly, with
some physical assumptions such as the completeness of the Bethe ansatz, we show that for the
diagonal-to-diagonal transfer matrix of the SCP model the invariant subspace of the Ising-like
spectrum associated with a regular Bethe state is given by the L(sl2)-degenerate eigenspace of the
τ2-model generated by the same regular Bethe state.
We apply a generalization of the algebraic Bethe ansatz to the SCP transfer matrix with
arbitrary inhomogeneous parameters, and do not use the functional relations among the transfer
matrices [11]. The algebraic approach treats the SCP model and the τ2-model in a unified way,
which might be useful for calculating correlation functions for the model.
We reproduce the SCP polynomial as a kind of Drinfeld polynomial which characterizes the
finite-dimensional highest weight representation of L(sl2) generated by the regular Bethe state.
Here it is not necessarily irreducible [24]. For generic values of inhomogeneous parameters, how-
ever, the zeros of the polynomial should be distinct, and hence the highest weight representation
should be irreducible. Thus, the SCP polynomial should be identified with the Drinfeld polyno-
mial [15, 23, 24, 27].
The algebraic derivation of the invariant subspace associated with the Ising-like spectrum
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proves in the sector a previous conjecture that for the ZN -symmetric Hamiltonian the represen-
tation space of the Onsager algebra associated with an SCP polynomial should correspond to the
L(sl2)-degenerate eigenspace of the τ2-model associated with the Drinfeld polynomial [37].
For the τ2-model we shall show a Borel subalgebra symmetry of L(sl2) through a gauge trans-
formation on the L-operators. In fact, it is known that every finite-dimensional irreducible rep-
resentation of the Borel subalgebra is extended to that of the sl2 loop algebra [14, 22]. We shall
thus derive the L(sl2) symmetry of the τ2-model in the general N -state case with inhomogeneous
parameters in the paper. Previously, the symmetry has been shown for the odd N and homoge-
neous case [37]. The present result also proves the L(sl2) symmetry of the τ2-model for the even
N and homogeneous case. It thus proves the conjecture [5] that the proposed set of commuting
operators forms the L(sl2) symmetry of the τ2-model. The L(sl2) symmetry of the τ2-model is
closely related to that of the spin-1/2 XXZ spin chain at roots of unity [21, 24–26].
The article consists of the following: in Section 2, we introduce the SCP model and the τ2-
model. We review the algebraic Bethe-ansatz method for the τ2-model [41] and the Yang-Baxter
relation between the monodromy matrices of the two models [13]. In Section 3, generalizing the
algebraic Bethe ansatz, we show that every regular Bethe eigenstate of the τ2-model is an eigen-
vector of the SCP transfer matrix with a constraint on the spectral parameters. The expression
of eigenvalues of the product of two diagonal-to-diagonal transfer matrices suggests the Ising-like
spectrum to each of the two transfer matrices. In Section 4, we show in a sector the Borel sub-
algebra symmetry of the τ2-model through a gauge transformation on the L-operators. It thus
follows from [14, 22] that the τ2-model has the L(sl2) symmetry. We also show in the sector that
every regular Bethe state of the τ2-model generates an irreducible highest weight representation
of L(sl2), which gives the degenerate eigenspace associated with the regular Bethe state for the
τ2-model. We then formulate the conjecture that the diagonal-to-diagonal transfer matrix of the
SCP model has the Ising-like spectrum in the L(sl2)-degenerate eigenspace of the τ2-model.
2 Models and Yang-Baxter relations
2.1 The chiral Potts model and the superintegrable conditions
We briefly review the chiral Potts model [3, 4, 12] and its superintegrable point [1, 2, 6–8]. The
model is defined on a two-dimensional square lattice with N -state local spins interacting along the
edges. For two adjacent local spins σi and σj which take values in ZN , that is, 0, 1, . . . , N − 1,
two edge-types of the Boltzmann weights Wpq(σi − σj) and W¯pq(σi − σj) are given as
Wpq(n) =Wpq(0)
n∏
j=1
µp
µq
yq − xpω
j
yp − xqωj
, W¯pq(n) = W¯pq(0)
n∏
j=1
µpµq
xpω − xqω
j
yq − ypωj
,
where ω is an Nth root of unity. Here p = (xp, yp, µp) and q = (xq , yq, µq), which we call rapidities,
are given on a Fermat curve defined by
kxNp = 1− k
′µ−Np , ky
N
p = 1− k
′µNp , k
2 + k′2 = 1. (2.1)
3
Note that both Wpq(n) and W¯pq(n) are functions of variable n ∈ ZN . The model is integrable in
the sense that the Boltzmann weights satisfy the star-triangle relations [4, 12]. We also give the
Fourier-transformed Boltzmann weight:
Ŵpq(n) =
N−1∑
m=0
ω−nmWpq(m) = Ŵpq(0)
n∏
j=1
xpµpω − xqµqω
j
yqµp − ypµqωj
.
We introduce the S-operator [13, 16] to construct the monodromy matrix of the SCP model.
Let Z and X be operators which have the action Zvσ = ω
σvσ and Xvσ = vσ+1 for a standard
basis {vσ|σ ∈ ZN} of the N -dimensional vector space C
N . By using them and combining the
Boltzmann weights, we define the S-operator S(p, p′; q, q′) ∈ End
(
CN ⊗ CN
)
by
S(p, p′; q, q′) =
1
N2
PCN⊗CN
∑
{ni}
wpp′qq′ (n1, n2, n3, n4)X
n1Zn2Xn4 ⊗X−n1Zn3X−n4 , (2.2)
wpp′qq′(n1, n2, n3, n4) =
Ŵpq′(n1)
Wpq′ (0)
W¯pq(n2)
W¯pq(0)
W¯p′q′(n3)
W¯p′q′(0)
Ŵp′q(n4)
Wp′q(0)
,
where PCN⊗CN is the standard permutation operator: PCN⊗CN : vσ ⊗ vτ 7→ vτ ⊗ vσ. The action of
the S-operator is extended to a tensor product (CN )⊗L ⊗CN , where the tensor product (CN )⊗L
is the quantum space describing an L-site spin chain and the last space CN is an auxiliary space.
We denote by Si(p, p
′; q, q′) the S-operator acting on the ith component of (CN )⊗L and auxiliary
space CN as the S-operator S(p, p′; q, q′) and other components of (CN )⊗L as the identity. Here
we use the operators Zi and Xi on (C
N )⊗L given by
Zi = id⊗ · · · ⊗
i
Zˇ ⊗ · · · ⊗ id, Xi = id⊗ · · · ⊗
i
Xˇ ⊗ · · · ⊗ id.
We construct monodromy matrix T (q1, q2; {p, p
′}) ∈ End
(
(CN )⊗L ⊗ CN
)
and transfer matrix
t(q1, q2; {p, p
′}) ∈ End
(
(CN )⊗L
)
as
T (q1, q2; {p, p
′}) =
L∏
i=1
Si(pi, p
′
i; q1, q2), t(q1, q2; {p, p
′}) = trCN
(
T (q1, q2; {p, p
′})
)
, (2.3)
where both pi and p
′
i are rapidities of the ith component of the quantum space (C
N )⊗L and q1 and
q2 are those of the auxiliary space C
N . The parameters q1 and q2 are called spectral parameters.
Here the symbol {p, p′} denotes the set of rapidities pi and p′i for i = 1, 2, . . . , L.
The transfer matrices satisfy the commutativity
t(q1, q2; {p, p
′})t(r1, r2; {p, p′}) = t(r1, r2; {p, p′})t(q1, q2; {p, p′}),
which is a result of the star-triangle relation [12]. Then the eigenvectors of the transfer matrix
t(q1, q2; {p, p
′}) are independent of the spectral parameters q1 or q2.
We call the transfer matrix t(q1, q2; {p, p
′}) the row-to-row transfer matrix of the chiral Potts
model since the Boltzmann weight wpp′qq′ (n1, n2, n3, n4) is considered as that of a vertex model.
The row-to-row transfer matrix t(q1, q2; {p, p
′}) is given by the product of two types of diagonal-
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to-diagonal transfer matrices TD(xq1 , yq1) and TˆD(xq2 , yq2) which are defined by
TD(xq, yq)
σ′
σ =
L∏
i=1
Wp′iq(σi − σ
′
i)
Wp′
i
q(0)
W¯pi+1q(σi+1 − σ
′
i)
W¯pi+1q(0)
,
TˆD(xq, yq)
σ′
σ =
L∏
i=1
W¯p′iq(σi − σ
′
i)
W¯p′iq(0)
Wpi+1q(σi − σ
′
i+1)
Wpi+1q(0)
,
where the periodic boundary conditions σL+1 = σ1 and pL+1 = p1 are imposed. The diagonal-to-
diagonal transfer matrices are diagonalized by a pair of invertible matrices U and V , which are
independent of the parameter q, as U−1TD(xq, yq)V = Λ(xq, yq) and V −1TˆD(xq, yq)U = Λˆ(xq, yq).
Let us now discuss the superintegrable case. When rapidities p and p′ satisfy the conditions
xp = yp′ , yp = xp′ , µp = µ
−1
p′ , we denote the rapidity p
′ by p¯.
Definition 2.1. We call the chiral Potts model superintegrable, if rapidities {p, p′} satisfy the
conditions p′i = p¯i for all i, that is, xpi = yp′i , ypi = xp′i , µpi = µ
−1
p′i
, (1 6 i 6 L) [6–8].
In the superintegrable case, we denote by T (q1, q2; {p}) and t(q1, q2; {p}) the monodromymatrix
and the row-to-row transfer matrix of the chiral Potts model, respectively. That is, we express
T (q1, q2; {p}) = T (q1, q2; {p, p¯}) and t(q1, q2; {p}) = t(q1, q2; {p, p¯}). Hereafter we call the row-to-
row transfer matrix t(q1, q2; {p}) the SCP transfer matrix, briefly. We also call T (q1, q2; {p}) the
SCP monodromy matrix.
2.2 The τ2-model and the algebraic Bethe ansatz
Let us now introduce an integrable N -state spin chain whose transfer matrix commutes with the
SCP transfer matrix. We introduce the cyclic L-operator L(z; p, p′) ∈ End(C2 ⊗ CN ) [34, 35] by
L(z; p, p′) =
 −ypyp′z + µpµp′Z −z(yp − xp′µpµp′Z)X
X−1(yp′ − xpµpµp′Z) 1− xpxp′µpµp′zωZ
 . (2.4)
In the same way as the S-operator, the action of the L-operator L(z; p, p′) is extended to the tensor
product C2⊗ (CN )⊗L where the space C2 is another auxiliary space; we denote by Li(z; p, p′) the
L-operator acting on the auxiliary space and ith component of the quantum space (CN )⊗L as the L-
operator L(z; p, p′) and other components of (CN )⊗L as the identity. The following properties give
the reason why the chiral Potts model is considered as a descendant of the six-vertex model [13]:
Proposition 2.2. The L-operators Li(z) = Li(z; p, p
′) satisfy a Yang-Baxter relation
R(z/w)
(
Li(z)⊗ idC2
)(
idC2 ⊗ Li(w)
)
=
(
idC2 ⊗ Li(w)
)(
Li(z)⊗ idC2
)
R(z/w) (2.5)
with the R-matrix defined by
R(z) =

1− zω 0 0 0
0 ω(1− z) (1− ω)z 0
0 1− ω 1− z 0
0 0 0 1− zω
 , (2.6)
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and another Yang-Baxter relation
Sij(p, p
′; q, q′)Li(z; p, p′)Lj(z; q, q′) = Lj(z; q, q′)Li(z; p, p′)Sij(p, p′; q, q′), (2.7)
where Sij(p, p
′; q, q′) is the S-operator acting on the ith and jth components of the quantum space
(CN )⊗L as the S-operator S(p, p′; q, q′) and other components of (CN )⊗L as the identity.
At the superintegrable point, the cyclic L-operator Li(z; pi, p
′
i) is reduced to
Li(z; pi, p¯i) =
 −tpiz + Zi −ypiz(1− Zi)Xi
xpiX
−1
i (1− Zi) 1− tpizωZi
 , (2.8)
where we have defined tp = xpyp. We introduce the monodromy matrix T (z; {p}) ∈ End
(
C2 ⊗
(CN )⊗L
)
and the transfer matrix τ(z; {p}) ∈ End
(
(CN )⊗L
)
by
T (z; {p}) =
L∏
i=1
Li(z; pi, p¯i) =:
A(z) B(z)
C(z) D(z)
 , τ(z; {p}) = trC2(T (z; {p})). (2.9)
Here we have also defined operators A(z), B(z), C(z), D(z) ∈ End
(
(CN )⊗L
)
. The spin chain
described by the transfer matrix τ(z; {p}) is called the τ2-model [5, 10, 40]. We remark that the
original τ2-model is defined in terms of the cyclic L-operator L(z; p, p
′) (2.4).
Proposition 2.3. The monodromy matrix T (z; {p}) satisfies a Yang-Baxter relation
R(z/w)
(
T (z; {p})⊗ idC2
)(
idC2 ⊗ T (w; {p})
)
=
(
idC2 ⊗ T (w; {p})
)(
T (z; {p})⊗ idC2
)
R(z/w), (2.10)
where R(z) is the R-matrix defined in (2.6).
The Yang-Baxter relation (2.10) gives the commutativity τ(z; {p})τ(w; {p}) = τ(w; {p})τ(z; {p}).
Hence the eigenvectors of the transfer matrix τ(z; {p}) are independent of the parameter z. The
relation also produces relations among operators A(z), B(z), C(z) and D(z) [30]. In the next sec-
tion, we need more general relations, which are collected in Lemma A.1. By using the relations,
the algebraic Bethe-ansatz method is readily applicable to the transfer matrix τ(z; {p}) [41].
Let |0〉 be the reference state v0 ⊗ v0 ⊗ · · · ⊗ v0. It has the following properties:
A(z)|0〉 = a(z)|0〉 =
L∏
n=1
(1 − tpnz)|0〉, D(z)|0〉 = d(z)|0〉 =
L∏
n=1
(1− tpnzω)|0〉, C(z)|0〉 = 0,
for arbitrary z.
Proposition 2.4. Let {zi|i = 1, 2, . . . ,M} be a solution of the Bethe equations:
a(zi)
M∏
j=1
j(6=i)
f(zi/zj) = d(zi)
M∏
j=1
j(6=i)
f(zj/zi), (2.11)
where f(z) = (z−ω)/(z− 1)ω. Then, vector |M〉 = B(z1)B(z2) · · ·B(zM )|0〉 gives an eigenvector
of the transfer matrix τ(z; {p}):
τ(z; {p})|M〉 =
(
a(z)
M∏
i=1
ωf(z/zi) + d(z)
M∏
i=1
ωf(zi/z)
)
|M〉. (2.12)
The vector |M〉 is referred to as a Bethe state.
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If solutions of the Bethe equations (2.11) are non-zero, finite and distinct, we call them regular
[25]. If {zi|i = 1, 2, . . . , R} is a regular solution of the Bethe equations, we call the Bethe state
B(z1)B(z2) · · ·B(zR)|0〉 regular, and denote it by |R〉.
2.3 Commutativity of transfer matrices
As a consequence of the relation (2.7), we obtain the Yang-Baxter relation between the monodromy
matrices T (z; {p}) and T (q1, q2; {p}), by which we shall generalize the algebraic Bethe-ansatz
method.
Proposition 2.5. The monodromy matrices T (z; {p}) and T (q1, q2; {p}) satisfy
L(z; q1, q2)
(
T (z; {p})⊗ idCN
)(
idC2 ⊗ T (q1, q2; {p})
)
=
(
idC2 ⊗ T (q1, q2; {p})
)(
T (z; {p})⊗ idCN
)
L(z; q1, q2). (2.13)
Here the cyclic L-operator L(z; q1, q2) defined in (2.4) is considered as a 2N × 2N matrix acting
on the tensor product C2⊗CN of the auxiliary spaces. As a corollary, the transfer matrix τ(z; {p})
commutes with the transfer matrix t(q1, q2; {p}).
Thanks to the commutativity of the two transfer matrices τ(z; {p}) and t(q1, q2; {p}), they
may have a set of common eigenvectors. For the τ2-model, we have obtained the eigenstates
through the algebraic Bethe-ansatz method. If a given Bethe eigenvector of the τ2-model has a
non-degenerate eigenvalue of τ(z; {p}), then it also becomes an eigenvector of the SCP transfer
matrix t(q1, q2; {p}). However, in section 4, we shall show in a sector that the transfer matrix
τ(z; {p}) of the τ2-model has degenerate eigenvectors with respect to the sl2 loop algebra and
hence not all the Bethe states of the τ2-model are necessarily eigenvectors of t(q1, q2; {p}).
3 Spectrum of the superintegrable chiral Potts model
We shall show in this section that, if the spectral parameters q1 and q2 satisfy the condition
q2 = q¯1(s) = (yq1 , xq1ω
s, µ−1q1 ), every regular Bethe eigenstate of τ(z; {p}) is an eigenstate of the
SCP transfer matrix t(q1, q2; {p}).
3.1 Algebraic Bethe-ansatz method for the SCP transfer matrix
First, we give a fundamental relation, generalizing the standard algebraic Bethe-ansatz method.
Proposition 3.1. Let Bi, Ai and Di denote B(zi), A(zi) and D(zi), respectively. Let T
τ ′
τ ,
(τ, τ ′ ∈ ZN ) denote the operator-valued entries of the SCP monodromy matrix T (q1, q2; {p}). By
setting q1 = q = (xq, yq, µq) and q2 = q¯(s) = (yq, xqω
s, µ−1q ), (s = 0, 1, . . . , N − 1) we have
B1 · · ·BnT
τ ′
τ |0〉
=
∑
{iℓ},{jℓ},{kℓ}
nB+nA+nD=n
cτ
′τ
n ({iℓ}; {jℓ}; {kℓ})a(zj1) · · ·a(zjnA )d(zk1) · · · d(zknD )T
τ ′−nD
τ+nA Bi1 · · ·BinB |0〉. (3.1)
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Here {iℓ}, {jℓ} and {kℓ} are such disjoint subsets of the index set Σn = {1, 2, . . . , n} that the num-
bers of elements of the subsets denoted by ♯{iℓ} = nB, ♯{jℓ} = nA and ♯{kℓ} = nD, respectively,
satisfy the condition nB + nA + nD = n, and the coefficients c
τ ′τ
n ({iℓ}; {jℓ}; {kℓ}) are given by
cτ
′τ
n ({iℓ}; {jℓ}; {kℓ})
=
nB∏
ℓ=1
1
µτ ′τ (ziℓ)
nA∏
ℓ=1
ντ+ℓ(zjℓ)
µτ ′,τ+ℓ−1(zjℓ)
nD∏
ℓ=1
−ντ ′−ℓ+1(zkℓ)
µτ ′−ℓ+1,τ (zkℓ)
∏
i∈{iℓ}
j∈{jℓ}
ωfji
∏
i∈{iℓ}
k∈{kℓ}
ωfik
∏
j∈{jℓ}
k∈{kℓ}
ωfjk,
with µτ ′τ (z), ντ (z) and fij defined by
µτ ′τ (z) =
(tqz − 1)(tqzω
s − 1)ωτ
′
(tqzωτ
′ − 1)(tqzωτ+1 − 1)
, ντ (z) =
yqz(1− ω
τ )
tqzωτ − 1
, fij =
zi − zjω
(zi − zj)ω
. (3.2)
A proof of the relation is presented in the next subsection. The point of the proof is to arrange
the product B1 · · ·BnT
τ ′
τ into the order TBADC, which is possible by the help of the relations
(A.1) and (3.10). On the reference state |0〉, the terms with the operator C(zi) vanish and the
operators A(zi) and D(zi) are replaced by the factors a(zi) and d(zi), respectively.
Next, we apply the transfer matrix t(q, q¯(s); {p}) to the reference state |0〉. It is directly shown
that the reference state |0〉 is an eigenvector of the transfer matrix t(q, q¯(s); {p}) [6],
t(q, q¯(s); {p})|0〉 =
N−1∑
τ=0
λτ |0〉
= NL
(
L∏
n=1
xpn − xq
xNpn − x
N
q
ypn − yq
yNpn − y
N
q
)
N−1∑
τ=0
(
L∏
n=1
tNpn − t
N
q
tpn − tqω
τ
)
ωτL|0〉, (3.3)
where tpn = xpnypn and tq = xqyq. Here we define λτ by relation (3.3).
Let {zi|i = 1, 2, . . . , R} be a regular solution of the Bethe equations (2.11) and extract the
term T τ
′
τ B1 · · ·BR|0〉 from the right-hand side of the relation (3.1). Then we see how the operator
T τ
′
τ acts on the regular Bethe state |R〉. By setting τ = τ
′ and taking the sum on τ , it follows
that the Bethe state |R〉 is an eigenvector of the SCP transfer matrix t(q, q¯(s); {p}).
Theorem 3.2. Every regular Bethe state |R〉 is an eigenvector of the transfer matrix t(q, q¯(s); {p})
with q = (xq, yq, µq) and q¯(s) = (yq, xqω
s, µ−1q ),
t(q, q¯(s); {p})|R〉 =
N−1∑
τ=0
λτ
( R∏
i=1
µττ(zi)
)
|R〉
= NL
(
L∏
n=1
xpn − xq
xNpn − x
N
q
ypn − yq
yNpn − y
N
q
)
N−1∑
τ=0
(
L∏
n=1
tNpn − t
N
q
tpn − tqω
τ
)
ωτ(L+R)F (tq)F (tqω
s)
F (tqωτ )F (tqωτ+1)
|R〉, (3.4)
where F (t) is a polynomial in t defined by F (t) =
∏R
i=1(1− tzi) and {zi|i = 1, . . . , R} is a regular
solution of the Bethe equations (2.11).
Proof. By taking the sum of the left-hand side of the relation (3.1) with τ = τ ′ over τ =
0, 1, . . . , N − 1 and using the result (3.3), we obtain
N−1∑
τ=0
( R∏
i=1
µττ(zi)
)
B1 · · ·BRT
τ
τ |0〉 =
N−1∑
τ=0
λτ
( R∏
i=1
µττ (zi)
)
B1 · · ·BR|0〉.
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On the other hand, from the right-hand side of the relation (3.1), we have
N−1∑
τ=0
( R∏
i=1
µττ (zi)
)
B1 · · ·BRT
τ
τ |0〉
=
N−1∑
τ=0
∑
{iℓ},{jℓ},{kℓ}
nB+nA+nD=R
nA∏
p=1
µττ (zjp)ντ+p(zjp)
µτ,τ+p−1(zjp)
nD∏
q=1
−µττ(zkq )ντ−q+1(zkq )
µτ−q+1,τ (zkq )
×
( ∏
i∈{iℓ}
j∈{jℓ}
ωfji
∏
i∈{iℓ}
k∈{kℓ}
ωfik
∏
j∈{jℓ}
k∈{kℓ}
ωfjk
)
aj1 · · ·ajnA dk1 · · · dknDT
τ−nD
τ+nA Bi1 · · ·BinB |0〉
=
R∑
m=0
∑
{iℓ}
nB=m
( ∏
i∈ΣR\{iℓ}
ai
)N−1∑
τ=0
∑
{jℓ},{kℓ}
nA+nD=R−m
nA∏
p=1
µττ(zjp)ντ+p(zjp)
µτ,τ+p−1(zjp)
nD∏
q=1
−µττ(zkq )ντ−q+1(zkq )
µτ−q+1,τ (zkq )
× ωm(R−m)+nAnD
nB∏
r=1
nA∏
p=1
nD∏
q=1
fjpirfkqirfkqjp T
τ−nD
τ+nA Bi1 · · ·Bim |0〉
=
R∑
m=0
∑
{iℓ}
nB=m
( ∏
i∈ΣR\{iℓ}
ai
)N−1∑
τ=0
∑
{jℓ},{kℓ}
nA+nD=R−m
ωm(R−m)+nAnD
×
nA∏
p=1
µτ+nD,τ+nD(zjp)
µτ+nD,τ+nD+p−1(zjp)
ντ+nD+p(zjp)
nD∏
q=1
−µτ+nD,τ+nD(zkq )
µτ+nD−q+1,τ+nD (zkq )
ντ+nD−q+1(zkq )
×
nB∏
r=1
nA∏
p=1
nD∏
q=1
fjpirfkqirfkqjp T
τ
τ+R−mBi1 · · ·Bim |0〉
=
N−1∑
τ=0
T ττ B1 · · ·BR|0〉 = t(q, q¯(s); {p})|R〉. (3.5)
In the second equality, we have calculated as( ∏
i∈{iℓ}
∏
j∈{jℓ}
∏
k∈{kℓ}
fikfjk
)
dk1 · · · dknD =
∏
k∈{kℓ}
(
dk
∏
i∈{iℓ}∪{jℓ}
fik
)
=
∏
k∈{kℓ}
(
ak
∏
i∈{iℓ}∪{jℓ}
fki
)
=
( ∏
iℓ∈{iℓ}
∏
jℓ∈{jℓ}
∏
kℓ∈{kℓ}
fkifkj
)
ak1 · · ·aknD ,
where we have employed the identity in Lemma B.3 which is derived from the Bethe equa-
tions (2.11). The unwanted terms m 6= R in (3.5) have been canceled out because of the identity
in Lemma B.4.
3.2 The Ising-like spectrum consisting of 2r eigenvalues
From the expression of eigenvalues of the SCP transfer matrix t(q, q¯(s); {p}) we can derive eigenval-
ues of the diagonal-to-diagonal transfer matrices TD(xq, yq) and TˆD(xq , yq). From the discussion
similar to [8], the set of eigenvalues in the invariant subspace containing a given regular Bethe
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state |R〉 are given in the following forms:
Λ(xq, yq) = N
L
2
(
L∏
n=1
xpn − xq
xNpn − x
N
q
)
xPaq y
Pb
q µ
−NPc
q F (tq)G(µ
−N
q ),
Λˆ(xq, yq) = N
L
2
(
L∏
n=1
ypn − xq
yNpn − x
N
q
)
xPaq y
Pb
q µ
−NPc
q F (tq)Gˆ(µ
−N
q ). (3.6)
Here Pa and Pb are integers satisfying Pa+Pb ≡ −L−R mod N , and we recall F (tq) =
∏R
i=1(1−
tqzi). G(µ
N
q ) and Gˆ(µ
N
q ) are polynomials in µ
N
q satisfying G(µ
N
q ) = const.Gˆ(µ
N
q ).
From the relation t(q, q¯(s); {p}) = TD(xq, yq)TˆD(yq, xqω
s), the product G(µ−Nq )Gˆ(µ
N
q ) is given
by
G(µ−Nq )Gˆ(µ
N
q ) = PSCP(t
N
q ) :=
N−1∑
τ=0
(
L∏
n=1
tNpn − t
N
q
tpn − tqω
τ
)
ωτ(L+R)
F (tqωτ )F (tqωτ+1)
. (3.7)
Here PSCP(t
N
q ) is a polynomial in t
N
q of degree at most ⌊
L(N−1)−2R
N ⌋; the Bethe equations (2.11)
correspond to the pole-free condition. We call the polynomial PSCP(ζ) the SCP polynomial. We
remark that, in our result, only the case Pb = 0 appears. The relation k
2tNq = 1−k
′(µNq +µ
−N
q )+k
′2
tells us that the polynomial PSCP(t
N
q ) is regarded as a Laurent polynomial in µ
N
q of degree r =
degPSCP(ζ) whose zeros occur in reciprocal pairs. Then, by denoting the 2r zeros by {w
±1
i }, we
have 2r solutions for G(µNq ) and Gˆ(µ
N
q ) in the forms
G(µNq ), Gˆ(µ
N
q ) = const.
r∏
i=1
(µNq − w
ǫi
i ), (3.8)
where ǫi = 1 or −1 is independently chosen for the index i.
The 2r solutions for G(µNq ) and Gˆ(µ
N
q ) are similar to the 2
r eigenvalues of the Ising-like
form [18, 38]. We thus call the set of 2r eigenvalues of the diagonal-to-diagonal transfer matrices
associated with a regular Bethe state the Ising-like spectrum associated with the regular Bethe
state. In fact, in the homogeneous case of p1 = · · · = pL, it follows from the Onsager-algebra
structure of the SCP model that each eigenvalue is non-degenerate, that is, the multiplicity of the
eigenvalue specified by a set of {ǫi} is given by one.
For the homogeneous case, the Ising-like spectrum of the diagonal-to-diagonal transfer matrix
was shown by applying the functional relations among the transfer matrices [1, 2, 6–8, 41]. There
are three types of the functional relations [6–8]: the first relation is based on the fact that the
transfer matrix of the SCP model is exactly a Q-operator for the τ2-model [13, 40], and it gives
eigenvalues of the transfer matrix of the τ2-model. The second relation is interpreted as a T -
system [32, 33], which recursively generates the eigenvalues of the transfer matrices in the fusion
hierarchy. The third relation leads to the eigenvalues of the product of the diagonal-to-diagonal
transfer matrices of the SCP model with a constraint on the spectral parameters. The algebraic
Bethe ansatz of the τ2-model given in the previous section plays the same role as the first functional
relation [41]. The algebraic approach formulated in this section plays a similar role as the second
and third functional relations.
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3.3 Proof of Proposition 3.1
The subsection is devoted to a proof of Proposition 3.1. Our strategy is to derive a recursion
relation for the coefficients cτ
′τ
n ({iℓ}; {jℓ}; {kℓ}) in the relation (3.1).
Lemma 3.3. The Yang-Baxter relation (2.13) is equivalent to the following relations:
ατ ′(z)A(z)T
τ ′
τ + βτ ′(z)C(z)T
τ ′−1
τ = ατ (z)T
τ ′
τ A(z) + γτ (z)T
τ ′
τ−1B(z),
ατ ′(z)B(z)T
τ ′
τ + βτ ′(z)D(z)T
τ ′−1
τ = βτ+1(z)T
τ ′
τ+1A(z) + δτ (z)T
τ ′
τ B(z),
γτ ′+1(z)A(z)T
τ ′+1
τ + δτ ′(z)C(z)T
τ ′
τ = ατ (z)T
τ ′
τ C(z) + γτ (z)T
τ ′
τ−1D(z),
γτ ′+1(z)B(z)T
τ ′+1
τ + δτ ′(z)D(z)T
τ ′
τ = βτ+1(z)T
τ ′
τ+1C(z) + δτ (z)T
τ ′
τ D(z), (3.9)
where
ατ (z) = −yq1yq2z + µq1µq2ω
τ , βτ (z) = −z(yq1 − xq2µq1µq2ω
τ ),
γτ (z) = yq2 − xp1µq1µq2ω
τ , δτ (z) = 1− xq1xq2µq1µq2zω
τ+1.
Here we have omitted the dependence of the spectral parameters q1 and q2 in the coefficients
ατ (z), βτ (z), γτ (z), δτ (z) and the operator T
τ ′
τ .
Lemma 3.4. For the operators T τ
′
τ , we have
µτ ′τ (z)B(z)T
τ ′
τ
= T τ
′
τ B(z) + ντ+1(z)T
τ ′
τ+1A(z)− ντ ′(z)T
τ ′−1
τ D(z)− ντ ′(z)ντ+1(z)T
τ ′−1
τ+1 C(z). (3.10)
Here µτ ′τ (z) and ντ (z) coincide with those defined in (3.2), respectively, by setting q1 = (xq , yq, µq)
and q2 = (yq, xqω
s, µ−1q ).
Proof. From the second and fourth relations in Lemma 3.3, we have
T τ
′
τ B(z) =
(
ατ ′(z)
δτ (z)
−
βτ ′(z)
δτ (z)
γτ ′(z)
δτ ′−1(z)
)
B(z)T τ
′
τ −
βτ+1(z)
δτ (z)
T τ
′
τ+1A(z)
+
βτ ′(z)
δτ ′−1(z)
T τ
′−1
τ D(z) +
βτ ′(z)
δτ ′−1(z)
βτ+1(z)
δτ (z)
T τ
′−1
τ+1 C(z).
By setting q1 = (xq, yq, µq) and q2 = (yq, xqω
s, µ−1q ), we prove the relation.
Lemma 3.5. Let I = {iℓ}, J = {jℓ} and K = {kℓ} be such disjoint subsets of the set Σn =
{1, 2, . . . , n} that ♯I = nB, ♯J = nA, ♯K = nD and nB + nA + nD = n. The coefficients
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cn(I; J ;K) = c
τ ′τ
n (I; J ;K) in the relation (3.1) satisfy the following recursion relation on n:
cn(I; J ;K)
= cn−1(I\{n}; J ;K)
1
µτ ′−nD ,τ+nA(zn)
+ cn−1(I; J \{n};K)
ντ+nA(zn)
µτ ′−nD,τ+nA−1(zn)
∏
i∈I
ωfni
−
∑
j∈J
cn−1(I∪{j}\{n}; J \{j};K)
ντ+nA(zn)
µτ ′−nD,τ+nA−1(zn)
ω
( ∏
i∈I\{n}
ωfji
)
gnj
− cn−1(I; J ;K\{n})
ντ ′−nD+1(zn)
µτ ′−nD+1,τ+nA(zn)
∏
i∈I
ωfin
−
∑
k∈K
cn−1(I∪{k}\{n}; J ;K\{k})
ντ ′−nD+1(zn)
µτ ′−nD+1,τ+nA(zn)
ω
( ∏
i∈I\{n}
ωfik
)
gnk
−
∑
k∈K
cn−1(I∪{k}; J \{n};K\{k})
ντ ′−nD+1(zn)ντ+nA(zn)
µτ ′−nD+1,τ+nA−1(zn)
ω
(∏
i∈I
ωfniωfik
)
gnk
+
∑
j∈J
cn−1(I∪{j}; J \{j};K\{n})
ντ ′−nD+1(zn)ντ+nA(zn)
µτ ′−nD+1,τ+nA−1(zn)
ω
(∏
i∈I
ωfjiωfin
)
gnj
+
∑
j∈J
k∈K
cn−1(I∪{j}∪{k}\{n}; J \{j};K\{k})
×
ντ ′−nD+1(zn)ντ+nA(zn)
µτ ′−nD+1,τ+nA−1(zn)
ωfjk
( ∏
i∈I\{n}
ωfjiωfik
)
gnjgnk.
Here, if the set S1 is not a subset of S, we set cn(S \S1; ·; ·) = cn(·;S \ S1; ·) = cn(·; ·;S \S1) = 0.
Proof. We apply the operator Bn = B(zn) to both sides of the equation (3.1) with n− 1 in place
of n. Let I˜ = {i˜ℓ}, J˜ = {j˜ℓ} and K˜ = {k˜ℓ} be such disjoint subsets of the set Σn−1 that ♯I˜ = mB,
♯J˜ = mA, ♯K˜ = mD and mB +mA +mD = n− 1. By using the relation (3.10), we have
B1 · · ·Bn−1BnT τ
′
τ |0〉
=
∑
I˜,J˜,K˜
cτ
′τ
n−1(I˜; J˜ ; K˜)BnT
τ ′−mD
τ+mA Bi˜1 · · ·Bi˜mB
Aj˜1 · · ·Aj˜mA
Dk˜1 · · ·Dk˜mD
|0〉
=
∑
I˜,J˜,K˜
cτ
′τ
n−1(I˜; J˜ ; K˜)
( 1
µτ ′−mD ,τ+mA(zn)
T τ
′−mD
τ+mA Bn +
ντ+mA+1(zn)
µτ ′−mD,τ+mA(zn)
T τ
′−mD
τ+mA+1
An
−
ντ ′−mD (zn)
µτ ′−mD,τ+mA(zn)
T τ
′−mD−1
τ+mA Dn −
ντ ′−mD (zn)ντ+mA+1(zn)
µτ ′−mD,τ+mA(zn)
T τ
′−mD−1
τ+mA+1
Cn
)
×Bi˜1 · · ·Bi˜mB
Aj˜1 · · ·Aj˜mA
Dk˜1 · · ·Dk˜mD
|0〉.
By arranging the operators A(z), B(z), C(z) and D(z) in the order BADC with the relations in
Lemma A.1 and by rewriting the terms in the form of the right-hand side of (3.1), we obtain the
recursion relation.
We now prove Proposition 3.1. From the symmetry of the relation (3.1), it is enough to solve
the recursion relation in the case i1 < · · · < inB < j1 < · · · < jnA < k1 < · · · < knD . First we
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consider the case nB = n, that is, iℓ = ℓ for ℓ = 1, 2, . . . , n and J = K = φ. The recursion relation
is reduced to
cn(I;φ;φ) = cn−1(I\{n};φ;φ)
1
µτ ′τ (zn)
.
From the initial condition c0(φ;φ;φ) = 1, the recursion relation is solved as
cn(I;φ;φ) =
∏
i∈I
1
µτ ′τ (zi)
,
which is consistent with the form (3.1). Second we consider the case nB+nA = n, that is, n ∈ {jℓ}
and K = φ. The recursion relation is reduced to
cn(I; J ;φ) = cn−1(I; J \{n};φ)
ντ+nA(zn)
µτ ′,τ+nA−1(zn)
∏
i∈I
ωfni.
By using the result in the case nB = n, we obtain
cn(I; J ;φ) =
∏
i∈I
1
µτ ′τ (zi)
nA∏
p=1
ντ+p(zjp)
µτ ′,τ+p−1(zjp)
∏
i∈I
j∈J
ωfji,
which is also consistent with the form (3.1). Third we consider the case n ∈ {kℓ}. The recursion
relation is reduced to
cn(I; J ;K) = −cn−1(I; J ;K\{n})
ντ ′−nD+1(zn)
µτ ′−nD+1,τ+nA(zn)
∏
i∈I
ωfin
+
∑
j∈J
cn−1(I∪{j}; J \{j};K\{n})
ντ ′−nD+1(zn)ντ+nA(zn)
µτ ′−nD+1,τ+nA−1(zn)
ω
(∏
i∈I
ωfji ωfin
)
gnj. (3.11)
Note that, in the case, the coefficients cn−1({i′ℓ}; {j
′
ℓ}; {k
′
ℓ}) with general sets {i
′
ℓ}, {j
′
ℓ} and {k
′
ℓ},
which are not necessarily in the order i′1 < · · · < i
′
nB < j
′
1 < · · · < j
′
nA < k
′
1 < · · · < k
′
nD , appear.
Assume that the coefficients cn−1(I; J ;K \ {n}) and cn−1(I ∪ {j}; J \{j};K \{n}) in (3.11) are
given in the form (3.1). Substituting the form of the coefficient cn−1({iℓ}; {jℓ}; {kℓ} \ {n}) and
knD = n into the first term of (3.11), we obtain
− cn−1({iℓ}; {jℓ}; {kℓ}\{n})
ντ ′−nD+1(zn)
µτ ′−nD+1,τ+nA(zn)
nB∏
r=1
ωfirn
= −(−)nD−1
nB∏
r=1
1
µτ ′τ (zir )
nA∏
p=1
ντ+p(zjp)
µτ ′,τ+p−1(zjp)
nD−1∏
q=1
ντ ′−q+1(zkq )
µτ ′−q+1,τ (zkq )
ντ ′−nD+1(zn)
µτ ′−nD+1,τ+nA(zn)
×
∏
i∈{iℓ}
j∈{jℓ}
ωfji
∏
i∈{iℓ}
k∈{kℓ}\{n}
ωfik
∏
j∈{jℓ}
k∈{kℓ}\{n}
ωfjk
nB∏
r=1
ωfirn
= cn({iℓ}; {jℓ}; {kℓ})
µτ ′−nD+1,τ (zn)
µτ ′−nD+1,τ+nA(zn)
∏
j∈{jℓ}
1
ωfjn
. (3.12)
In a similar way, substituting the forms of the coefficients cn−1({iℓ}∪ {jp}; {jℓ} \ {jp}; {kℓ} \ {n})
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and knD = n into the second term of (3.11), we obtain
nA∑
p=1
jp 6=n
cn−1({iℓ}∪{jp}; {jℓ}\{jp}; {kℓ}\{n})
ντ ′−nD+1(zn)ντ+nA(zn)
µτ ′−nD+1,τ+nA−1(zn)
ω
( nB∏
r=1
ωfjpirωfirn
)
gnjp
=
nA∑
p=1
jp 6=n
(−)nD−1
nB∏
r=1
1
µτ ′τ (zir )
1
µτ ′τ (zjp)
p−1∏
p′=1
ντ+p′(zjp′ )
µτ ′,τ+p′−1(zjp′ )
nA∏
p′=p+1
ντ+p′−1(zjp′ )
µτ ′,τ+p′−2(zjp′ )
nD−1∏
q=1
ντ ′−q+1(zkq )
µτ ′−q+1,τ (zkq )
×
ντ ′−nD+1(zn)ντ+nA(zn)
µτ ′−nD+1,τ+nA−1(zn)
ω
∏
i∈{iℓ}∪{jp}
j∈{jℓ}\{jp}
ωfji
∏
i∈{iℓ}∪{jp}
k∈{kℓ}\{n}
ωfik
∏
j∈{jℓ}\{jp}
k∈{kℓ}\{n}
ωfjk
( nB∏
r=1
ωfjpirωfirn
)
gnjp
= −cn({iℓ}; {jℓ}; {kℓ})
nA∑
p=1
µτ ′,τ+nA−1(zjp)
µτ ′τ (zjp)
µτ ′−nD+1,τ (zn)
µτ ′−nD+1,τ+nA−1(zn)
ντ+nA(zn)
ντ+nA(zjp)
gnjp
fjpn
∏
j∈{jℓ}\{jp}
fjjp
fjn
.
(3.13)
Hence, by combining (3.12) and (3.13), the coefficient cn({iℓ}; {jℓ}; {kℓ}) is shown to be in the
form (3.1) if the following relation holds:
µτ ′−nD+1,τ (zn)
µτ ′−nD+1,τ+nA(zn)
nA∏
p=1
1
ωfjpn
−
nA∑
p=1
µτ ′,τ+nA−1(zjp)
µτ ′τ (zjp)
µτ ′−nD+1,τ (zn)
µτ ′−nD+1,τ+nA−1(zn)
ντ+nA(zn)
ντ+nA(zjp)
gnjp
fjpn
∏
j∈{jℓ}\{jp}
fjjp
fjn
= 1,
which is the identity in Lemma B.3.
4 The sl2 loop algebra symmetry of the τ2-model and de-
generate eigenspaces
4.1 Gauge transformations on the L-operator
We now introduce another L-operator in order to show the sl2 loop algebra symmetry of the τ2-
model. The degenerate eigenspace of the transfer matrix constructed from the new L-operator is
identical to the degenerate eigenspace of the τ2-model which we have introduced in Section 2.2.
Let us introduce the L-operator L˜i(z) ∈ End(C
2 ⊗ (CN )⊗L), (i = 1, 2, . . . , L) given by
L˜i(z) =
q− 12 (z(k 12 )i − z−1(k− 12 )i) (q − q−1)(f)i
(q − q−1)(e)i q
1
2
(
z(k−
1
2 )i − z
−1(k
1
2 )i
)
 . (4.1)
Here q is not a rapidity on the Fermat curve (2.1) but a generic parameter, and {(k)i, (e)i, (f)i}
is the N -dimensional representation of the quantum algebra Uq(sl2) non-trivially acting only on
the ith component of the quantum space (CN )⊗L as
kvσ = εq
N−1−2σvσ, evσ = εα[N − σ]vσ−1, fvσ = α−1[σ + 1]vσ+1,
with α 6= 0 and [n] = q
n−q−n
q−q−1 . We set ε = 1 for odd N and ε = −1 for even N . One sees that the
L-operator L˜i(z) is nothing but that of an XXZ spin chain with N -state local spins and a twist
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parameter. The L-operator L˜i(z) satisfies the Yang-Baxter relation (2.5) with the R-matrix of
the six-vertex model given by
R6v(z) =

1− z2q2 0 0 0
0 (1− z2)q z(1− q2) 0
0 z(1− q2) (1 − z2)q 0
0 0 0 1− z2q2
 . (4.2)
We introduce the monodromy matrix T˜ (z; {p}) ∈ End
(
C2 ⊗ (CN )⊗L
)
and the transfer matrix
τ˜ (z) = τ˜ (z; {p}) ∈ End
(
(CN )⊗L
)
as
T˜ (z; {p}) =
L∏
i=1
L˜i(t
1
2
pizq
1
2 ) =:
A˜(z) B˜(z)
C˜(z) D˜(z)
 , τ˜ (z; {p}) = trC2(T˜ (z; {p})). (4.3)
In a way similar to Section 2.2, we apply the algebraic Bethe-ansatz method to the transfer matrix
τ˜ (z; {p}) to obtain Bethe eigenstates. The associated Bethe equations are given by
L∏
n=1
tpnz
2
i εq
N − 1
tpnz
2
i q
2 − εqN
=
∏
j( 6=i)
z2i q
2 − z2j
z2i − z
2
j q
2
. (4.4)
The transfer matrix τ(z2; {p}) of the τ2-model defined in (2.9) is equivalent to the transfer
matrix τ˜(z; {p}) at εqN = 1. We set ω = q2 with the primitive Nth root of unity q for odd N
and the primitive 2Nth root of unity q for even N , and take α = x
1
2
piy
− 12
pi . Then, in terms of the
operators Zi and Xi, the representation of the quantum algebra Uq(sl2) is expressed as
(k)i = q
−1Z−1i , (e)i =
x
1
2
piy
− 12
pi
q − q−1
X−1i (Z
− 12
i − Z
1
2
i ), (f)i =
x
− 12
pi y
1
2
pi
q − q−1
(Z
1
2
i − Z
− 12
i )Xi,
by which the L-operator L˜i(z) at εq
N = 1 takes the form
L˜i(z) =
q− 12 (− zq− 12Z− 12i + z−1q 12Z 12i ) x− 12pi y 12pi(Z 12i − Z− 12i )Xi
x
1
2
piy
− 12
pi X
−1
i (Z
− 12
i − Z
1
2
i ) q
1
2
(
− zq
1
2Z
1
2
i + z
−1q−
1
2Z
− 12
i
)
 .
The L-operator L˜i(z) is transformed to the L-operator Li(z
2; pi, p¯i) defined in (2.8) as follows:1 0
0 z−1q
1
2
 t 12pizq 12Z 12i L˜i(t 12pizq 12 )
1 0
0 zq−
1
2
 = Li(z2; pi, p¯i).
Through the gauge transformation, the Yang-Baxter relation with the R-matrix R6v(z) for the
L-operator L˜i(z) is transformed to the Yang-Baxter relation (2.10) with the R-matrix R(z) (2.6).
In the case of odd N , the L-operator L˜i(z) satisfies the Yang-Baxter relation (2.7). On the other
hand, in the case of even N , the L-operator L˜i(z) does not satisfy the relation (2.7) due to the
multiplication by the operator Z
1
2
i . However, the conserved operators derived from an expansion
of the logarithm of the transfer matrix τ˜ (z; {p}) commute with the transfer matrix t(q1, q2; {p})
since the operators Z
1
2
i are canceled out in the derivation. Furthermore, the product Z
1
2
1 · · ·Z
1
2
L ,
which appears in each entry of the monodromy matrix T˜ (z; {p}), acts as the constant qM on the
sector spanned by the vectors vσ1 ⊗ · · ·⊗ vσL satisfying σ1+ · · ·+ σL =M . As we shall see below,
each Bethe eigenstate and its L(sl2)-descendant state belong to one of the sectors. Therefore,
transfer matrices τ˜ (z; {p}) and τ(z; {p}) thus share a set of common eigenvectors.
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4.2 The sl2 loop algebra symmetry
We now show the sl2 loop algebra L(sl2) symmetry of the τ2-model. We first obtain a represen-
tation of the quantum affine algebra U ′q(sl2) in a limit of the entries of the monodromy matrix
T˜ (z; {p}):
A := lim
z→∞
A˜(z)
m(z)q−
L
2
= lim
z→0
D˜(z)
m(z)q
L
2
= k
1
2 ⊗ · · · ⊗ k
1
2 ,
B± := lim
z±1→∞
B˜(z)
m(z)n±(z)
=
L∑
i=1
q
L+1
2 −i(t∓
1
2
pi q
∓ 12 ) k±
1
2 ⊗ · · · ⊗ k±
1
2︸ ︷︷ ︸
i−1
⊗f ⊗ k∓
1
2 ⊗ · · · ⊗ k∓
1
2︸ ︷︷ ︸
L−i
,
C± := lim
z±1→∞
C˜(z)
m(z)n±(z)
=
L∑
i=1
q−
L+1
2 +i(t
∓ 12
pi q
∓ 12 ) k∓
1
2 ⊗ · · · ⊗ k∓
1
2︸ ︷︷ ︸
i−1
⊗e⊗ k±
1
2 ⊗ · · · ⊗ k±
1
2︸ ︷︷ ︸
L−i
,
where m(z) =
∏L
i=1(t
1
2
pizq
1
2 − t
− 12
pi z
−1q−
1
2 ) and n±(z) = ±z∓1(q − q−1). They indeed give a
finite-dimensional representation of U ′q(sˆl2) through the map π
(L) : U ′q(sˆl2)→ (C
N )⊗L defined by
π(L) : k0,1, e0, e1, f0, f1 7→ A
∓2, B+, C+, C−, B−,
where {ki, ei, fi|i = 0, 1} is a set of the Chevalley generators of U
′
q(sˆl2).
Second we show that, in the limit εqN → 1, the representation π(L) of the quantum affine
algebra U ′q(sˆl2) gives a finite-dimensional representation of a Borel subalgebra of L(sl2). The sl2
loop algebra is realized by the Drinfeld generators {hn, x
+
n , x
−
n |n = 0, 1, 2, . . .} satisfying
[hn, hm] = 0, [hn, x
±
m] = ±2x
±
n+m, [x
+
n , x
−
m] = hn+m.
The algebra has two Borel subalgebras b+ generated by {hn, x
+
n , x
−
m|n > 0,m > 0} and b−
generated by {h−n, x+−m, x
−
−n|n > 0,m > 0}. Define the operators
H(N) :=
1
N
L∑
i=1
id⊗ · · · ⊗ id⊗ h⊗ id⊗ · · · ⊗ id,
B
(n)
± := lim
εqN→1
(B±)n
[n]!
, C
(n)
± := lim
εqN→1
(C±)n
[n]!
for odd N,
where hvσ = (N − 1− 2σ)vσ and [n]! = [n][n− 1] · · · [1]. The operators B
(N)
± and C
(N)
± are well-
defined in the limit εqN → 1 since both the operators (B±)N and (C±)N include the factor [N ]!.
They satisfy the relations
[B
(N)
+ , B
(N)
− ] = [C
(N)
+ , C
(N)
− ] = 0,
[H(N), B
(N)
± ] = −2B
(N)
± , [H
(N), C
(N)
± ] = 2C
(N)
± ,
[B
(N)
± , [B
(N)
± , [B
(N)
± , C
(N)
± ]]] = 0, [C
(N)
± , [C
(N)
± , [C
(N)
± , B
(N)
± ]]] = 0.
Here the last two relations are obtained from the limit εqN → 1 of the higher-order q-Serre relations
in U ′q(sˆl2) [36]. Then we find that the map ϕ+ : b+ → End((C
N )⊗L) defined by
ϕ+(h0) := H
(N), ϕ+(x
+
0 ) := C
(N)
+ , ϕ+(x
−
1 ) := B
(N)
+
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is extended to a finite-dimensional representation of the Borel subalgebra b+ and the map ϕ− :
b− → End((CN )⊗L) defined by
ϕ−(h0) := H(N), ϕ−(x+−1) := C
(N)
− , ϕ−(x
−
0 ) := B
(N)
−
is also extended to that of the Borel subalgebra b−.
Proposition 4.1. The τ2-model in a sector specified below has the Borel subalgebra symmetry in
the following sense: the transfer matrix τ˜ (z) = τ˜ (z; {p}) at εqN = 1 satisfies[
τ˜ (1)−1τ˜ (z), ϕ+(x)
]
= 0 for x ∈ b+
in the sector with A2 = qL and[
τ˜(1)−1τ˜ (z), ϕ−(x)
]
= 0 for x ∈ b−
in the sector with A2 = q−L.
Proof. In the limit εqN → 1, we have
A˜(z)B
(N)
± = εB
(N)
± A˜(z)− z
±1q−
L
2 B
(N−1)
± B˜(z)A
±1,
D˜(z)B
(N)
± = εB
(N)
± D˜(z) + z
±1q
L
2 B
(N−1)
± B˜(z)A
∓1,
A˜(z)C
(N)
± = εC
(N)
± A˜(z) + z
±1q−
L
2 C
(N−1)
± C˜(z)A
±1,
D˜(z)C
(N)
± = εC
(N)
± D˜(z)− z
±1q
L
2 C
(N−1)
± C˜(z)A
∓1.
By considering them in the sector with A2 = q±L, we prove the proposition.
Let us consider the condition A2 = q±L in detail. From the relation A2 = k⊗ · · · ⊗ k, we have
A2 = εLq(N−1)L−2M = q−L−2M in the sector spanned by the vectors vσ1 ⊗ · · · ⊗ vσL satisfying
σ1 + · · ·+ σL =M . Then the condition A
2 = qL means M +L ≡ 0 mod N and A2 = q−L means
M ≡ 0 mod N . One notices that the reference state |0〉 belongs to the sector with A2 = q−L.
We now show the sl2 loop algebra symmetry of the τ2-model. It is known that every finite-
dimensional irreducible representation of the Borel subalgebra b± is extended to that of the sl2
loop algebra [14, 22]. Therefore, it follows from Proposition 4.1 that the transfer matrix of the
τ2-model has the sl2 loop algebra symmetry.
Third we now show that any given regular Bethe state |R〉 in the sector with A2 = q±L is a
highest weight vector with respect to the representation ϕ± of the Borel subalgebra b± and the
highest weight representation generated by the Bethe state is irreducible. A vector Ω is called
highest weight of the Borel subalgebra b+ if it is annihilated by x
+
n , (n > 0) and is diagonalized
by hn, (n > 0), and is called highest weight of b− if it is annihilated by x+−n, (n > 0) and is
diagonalized by h−n, (n > 0). The conditions are equivalent to [21]
x+0 Ω = 0, h0Ω = rΩ,
(x+0 )
m
m!
(x−1 )
m
m!
Ω = χ+mΩ, (m ∈ Z>0) for b+
x+−1Ω = 0, h0Ω = rΩ,
(x+−1)
m
m!
(x−0 )
m
m!
Ω = χ−mΩ, (m ∈ Z>0) for b−,
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where r ∈ Z>0 and χ
±
m ∈ C. By using the set {χ
±
m} for a highest weight vector of the Borel
subalgebra b±, we define the highest weight polynomial as [23, 24]
P±D (ζ) =
∑
m>0
χ±m(−ζ)
m.
Proposition 4.2. At εqN = 1, every regular Bethe state |R〉 in the sector with A2 = q±L is a
highest weight vector with respect to the representation ϕ± of the Borel subalgebra b±. The highest
weight polynomial is given by
P±D (ξ
N ) =
1
N
N−1∑
τ=0
(
L∏
n=1
1− t∓Npn ξ
N
1− t∓1pn ξq±2τ
)
1
F±(ξq±2τ )F±(ξq±2(τ+1))
, (4.5)
where F±(ξ) =
∏R
i=1(1 − ξz
±2
i ) and {zi} is a regular solution of the Bethe equations (4.4).
We shall give a proof of Proposition 4.2 in Appendix C.
Here we can directly show that every highest weight vector of the Borel subalgebra becomes a
highest weight vector of the sl2 loop algebra in a finite-dimensional highest weight representation
(see, Appendix A of [25]).
Let us discuss a physical consequence of generic inhomogeneous parameters. For a given regular
Bethe state, the zeros of polynomial P±D (ζ) (4.5) should be distinct, if inhomogeneous parameters
{pn} on the Fermat curve (2.1) are given by generic values. If they are distinct, it therefore
follows that the highest weight representation generated by the regular Bethe state is irreducible
and the polynomial P±D (ζ) is identified with the Drinfeld polynomial [15, 23, 24, 27]. Assuming
that the zeros of the Drinfeld polynomial are distinct, we express the distinct zeros P±D (ζ) by
ζi, (i = 1, 2, . . . , r = degP
±
D (ζ)). Then, the representation is isomorphic to the tensor product of
two-dimensional evaluation representations, V1(ζ1)⊗ · · · ⊗ V1(ζr), and the τ2-model in the sector
A2 = q±L has the 2r-dimensional degenerate eigenspace associated with the regular Bethe state.
4.3 Complete N -strings and degenerate eigenvectors of the sl2 loop
algebra
In Propositions 4.1 and 4.2 of Section 4.2, it has been shown in the sector that the τ2-model has
the sl2 loop algebra L(sl2) symmetry and also that every regular Bethe state |R〉 is a highest
weight vector of L(sl2). Therefore, the degenerate eigenspace of the τ2-model associated with the
regular Bethe state |R〉 is given by the highest weight representation generated by |R〉 through
generators of L(sl2).
Let us define a complete N -string by the set {eΛω−l|l = 1, 2, . . . , N}, where we call Λ the center
of the string [29]. By adding m complete N -strings {eΛjω−l|l = 1, 2, . . . , N, j = 1, 2, . . . ,m} to a
regular solution {zi|i = 1, 2, . . . , R} of the Bethe equations (2.11) and taking the limit Λj → ±∞,
we obtain a formal solution {zi}∪{e
Λjω−l} of the Bethe equations (2.11) with M = R+mN . We
call it a non-regular solution. It is clear that the transfer-matrix eigenvalue (2.12) for a non-regular
solution {zi} ∪ {e
Λjω−l} is the same as that of the original regular solution {zi}.
We now discuss that the SCP transfer matrix t(q, q¯(s); {p}) with q = (xq , yq, µq) and q¯(s) =
(yq, xqω
s, µ−1q ) should have degenerate eigenspaces. We observe that the eigenvalue (3.4) of the
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SCP transfer matrix t(q, q¯(s); {p}) with a non-regular solution {zi}∪{e
Λjω−l} is the same as that
with the original regular solution {zi}. As a consequence, the degenerate eigenspace of the transfer
matrix τ(z; {p}), which contains a regular Bethe state and non-regular Bethe states, corresponds
to a degenerate eigenspace of the transfer matrix t(q, q¯(s); {p}).
Non-regular Bethe eigenstates with complete N -strings may vanish as we shall see in Sec-
tion 4.2. However, there are several approaches to obtain non-zero eigenstates corresponding to
non-regular solutions such as complete N -strings [19, 20, 25, 26, 28]. Thus, from the observation
that the eigenvalue (3.4) does not depend on complete N -strings, we suggest that the SCP trans-
fer matrix t(q, q¯(s); {p}) is also degenerate in the L(sl2)-degenerate eigenspace of the τ2-model
generated by a regular Bethe state.
We thus propose a conjecture that the sl2 loop algebra symmetry of the τ2-model gives a
degenerate eigenspace of the SCP transfer matrix t(q, q¯(s); {p}) in the sector. Intuitively, in terms
of completeN -strings, we may interpret that every L(sl2)-descendant state of a given regular Bethe
state should be expressed as some linear combination of such non-regular Bethe states consisting
of complete N -strings. Furthermore, the Drinfeld polynomial P±D (ζ) (4.5) is identical to the SCP
polynomial PSCP(ζ) (3.7) associated with the regular Bethe state. Thus, the L(sl2)-degenerate
eigenspace of the τ2-model should have exactly the same dimensions as the invariant subspace
associated with the Ising-like spectrum (3.6) characterized by the SCP polynomial PSCP(ζ).
4.4 The sl2 loop algebra degeneracy and the Ising-like spectrum
We now discuss an important consequence of the commutativity of the SCP transfer matrix
t(q, q¯(s); {p}) with the transfer matrix τ(z, {p}) of the τ2-model. Here we note that basis vec-
tors diagonalizing commuting transfer matrices do not depend on the spectral parameters.
We define the completeness of the Bethe ansatz of the τ2-model at the superintegrable point
by the following conjecture:
Conjecture 4.3. All regular Bethe states in the sector with A2 = q±L and their descendants with
respect to the sl2 loop algebra give the complete set of the Hilbert space in the sector on which
transfer matrix τ(z, {p}) of the τ2-model acts. Here we recall εq
N = 1.
For generic values of spectral parameter z, regular Bethe states in the sector are non-degenerate
with respect to the eigenvalue of transfer matrix τ(z, {p}). The degeneracy in the eigenspectrum
of transfer matrix τ(z, {p}) should be given only by the sl2 loop algebra symmetry. Similarly, for
generic spectral parameters, regular Bethe states are non-degenerate with respect to the eigenvalue
of the SCP transfer matrix t(q, q¯(s); {p}). The eigenvalue of t(q, q¯(s); {p}) is also generic with
respect to the spectral parameters, as shown in (3.4).
Thus, if Conjecture 4.3 is valid, i.e. the completeness of the Bethe ansatz for the τ2-model is
valid, we have the following corollary:
Corollary 4.4. In the sector with A2 = q±L, the SCP transfer matrix t(q1, q2; {p}) is block-
diagonalized with respect to the L(sl2)-degenerate eigenspaces of the τ2-model associated with the
regular Bethe states. Here we recall εqN = 1.
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Assuming the arguments for deriving the formula of eigenvalues of the diagonal-to-diagonal
transfer matrices TD(xq, yq) and TˆD(xq, yq), we have the following conjecture:
Conjecture 4.5. In the L(sl2)-degenerate eigenspace of the τ2-model associated with a regular
Bethe state |R〉, the diagonal-to-diagonal transfer matrices TD(xq, yq) and TˆD(xq , yq) of the SCP
model have the Ising-like spectrum (3.6) associated with the regular Bethe state |R〉.
Let us consider some examples of the invariant subspace of the Ising-like spectrum associated
with a regular Bethe state |R〉. If the degree of the Drinfeld polynomial P±D (ζ) is zero, then |R〉 is
an eigenvector of both of the two diagonal-to-diagonal transfer matrices TD(xq, yq) and TˆD(xq, yq).
The Bethe state should generate a singlet of the sl2 loop algebra, i.e. a one-dimensional highest
weight representation. One notices that, if R = L(N −1)/2, the degree of the Drinfeld polynomial
P±D (ζ) is zero.
However, if the degree of the Drinfeld polynomial is nonzero and given by r, the SCP transfer
matrix t(q1, q2; {p}) should be block-diagonalized at least with respect to the L(sl2)-degenerate
eigenspace of the τ2-model associated with |R〉. Furthermore, the SCP transfer matrix t(q, q¯(s); {p})
should be degenerate in the 2r-dimensional L(sl2)-degenerate eigenspace of the τ2-model associated
with |R〉, as it was conjectured in Section 4.3.
4.5 N = 2 case
We verify in the case of N = 2 with a set of homogeneous parameters that the Hamiltonian of the
SCP model has the Ising-like spectrum in the L(sl2)-degenerate eigenspace of the τ2-model. In
the case, the SCP model is the two-dimensional Ising model. The Hamiltonians of the SCP model
and the τ2-model are given in the forms
HSCP =
L∑
i=1
σzi + λ
L∑
i=1
σxi σ
x
i+1, Hτ2 =
L∑
i=1
(σxi σ
y
i+1 − σ
y
i σ
x
i+1),
where σx, σy and σz are Pauli’s matrices. In terms of Jordan-Wigner’s fermion operators:
ci = σ
+
i
i−1∏
j=1
σzj , c˜k =
1
L
L∑
i=1
e−
√−1(ki+ π4 )ci,
the Hamiltonian Hτ2 in the sector with S
z := 12
∑L
i=1 σ
z
i ≡ 0 mod 2 is written as
Hτ2 =
∑
k∈K
sin(k)c˜†k c˜k,
whereK = { πL ,
3π
L , . . . ,
(L−1)π
L }. For even L, the sl2 loop algebra symmetry describing a degenerate
eigenspace of the τ2-model is given by
hn =
∑
k∈K
cot2n
(k
2
)
(H)k, x
+
n =
∑
k∈K
cot2n+1
(k
2
)
(E)k, x
−
n =
∑
k∈K
cot2n−1
(k
2
)
(F )k,
where {(H)k, (E)k, (F )k} is a two-dimensional representation of the sl2 algebra given by
(H)k = 1− c˜
†
k c˜k − c˜
†
−k c˜−k, (E)k = c˜−kc˜k, (F )k = c˜
†
k c˜
†
−k.
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Here we should remark that for the XX model under the periodic boundary conditions the Cheval-
ley generators of the sl2 loop algebra symmetry were constructed in terms of the free fermion
operators [26].
The reference state |0〉, which is a highest weight vector, i.e. x+n |0〉 = 0 and hn|0〉 =∑
k cot
2n(k/2)|0〉, generates a 2L/2-dimensional irreducible representation corresponding to a de-
generate eigenspace of the Hamiltonian Hτ2 . On the other hand, in the sector, the Hamiltonian
HSCP is expressed as
HSCP = 2
∑
k∈K
(H)k − 2λ
∑
k∈K
(
cos(k)(H)k + sin(k)
(
(E)k + (F )k
))
.
It is clear that the Hamiltonian HSCP acts on the 2
L/2-dimensional irreducible representation
space. The 2L/2 eigenvalues of HSCP and the corresponding eigenstates are given by
E(K+;K−) = 2
∑
k∈K+
√
1− 2λ cos(k) + λ2 − 2
∑
k∈K−
√
1− 2λ cos(k) + λ2,
|K+;K−〉 =
∏
k∈K+
(cos θk + sin θk(F )k)
∏
k∈K−
(sin θk − cos θk(F )k)|0〉,
where K+ and K− are such disjoint subsets of K that K = K+ ∪K− and tan(2θk) =
λ sin(k)
λ cos(k)−1 .
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A Relations among the operators in (2.9)
Lemma A.1. Let Ai, Bi, Ci and Di denote A(zi), B(zi), C(zi) and D(zi), respectively. We have
A0Bi1 · · ·Bin = ω
n
(( n∏
p=1
f0ip
)
Bi1 · · ·BinA0 −
n∑
p=1
( ∏
q( 6=p)
fipiq
)
g0ipB0Bi1 · · ·
ip
ˇ · · ·BinAip
)
,
D0Bi1 · · ·Bin = ω
n
(( n∏
p=1
fip0
)
Bi1 · · ·BinD0 +
n∑
p=1
( ∏
q( 6=p)
fiqip
)
g0ipB0Bi1 · · ·
ip
ˇ · · ·BinDip
)
,
C0Ai1 · · ·Ain = ω
n
(( n∏
p=1
fip0
)
Ai1 · · ·AinC0 +
n∑
p=1
( ∏
q( 6=p)
fiqip
)
g0ipA0Ai1 · · ·
ip
ˇ · · ·AinCip
)
,
C0Di1 · · ·Din = ω
n
(( n∏
p=1
f0ip
)
Di1 · · ·DinC0 −
n∑
p=1
( ∏
q( 6=p)
fipiq
)
g0ipD0Di1 · · ·
ip
ˇ · · ·DinCip
)
,
D0Ai1 · · ·Ain
= Ai1 · · ·AinD0 + ω
n
n∑
p=1
( ∏
q( 6=p)
fiqip
)(
g0ipB0Ai1 · · ·
ip
ˇ · · ·AinCip + gip0BipAi1 · · ·
ip
ˇ · · ·AinC0
)
,
C0Bi1 · · ·Bin = ω
nBi1 · · ·BinC0
+ ω2n−1
(
n∑
p=1
g0ipBi1 · · ·
ip
ˇ · · ·Bin
(( ∏
q( 6=p)
f0iqfiqip
)
A0Dip −
( ∏
q( 6=p)
fipiqfiq0
)
AipD0
)
−
∑
p6=q
g0ipg0iqB0Bi1 · · ·
ip
ˇ · · ·
iq
ˇ · · ·Binfipiq
( ∏
r( 6=p,q)
fipirfiriq
)
AipDiq
)
, (A.1)
where fij = f(zi/zj) and gij = g(zi/zj) with
f(z) =
z − ω
(z − 1)ω
, g(z) =
1− ω
(z − 1)ω
.
Proof. The relations with n = 1 are equivalent to the Yang-Baxter relation (2.10). For n > 2, we
employ induction on n with the identity in Lemma B.2.
B Identities
We collect here several useful identities.
Lemma B.1. Let S be a subset of ΣR = {1, 2, . . . , R}. We then have
∏
i∈S
(
ai
∏
j∈ΣR\S
fij
)
=
∏
i∈S
(
di
∏
j∈ΣR\S
fji
)
.
The following three identities of rational functions are proved by verifying that all the residues
in the left-hand side are zero.
Lemma B.2. (( n∏
i=1
fik
)
−
( n∏
i=1
fil
))
gkl +
n∑
i=1
( ∏
j( 6=i)
fij
)
gkigil = 0.
22
Let {iℓ}, {jℓ} and {kℓ} be such disjoint subsets of the set Σn = {1, 2, . . . , n} that ♯{iℓ} = nB,
♯{jℓ} = nA, ♯{kℓ} = nD and nB + nA + nD = n. We have the following identities:
Lemma B.3.
ωnA
nA∏
p=1
fjp,n −
µτ ′−nD+1,τ (zn)
µτ ′−nD+1,τ+nA(zn)
+
nA∑
p=1
µτ ′,τ+nA−1(zjp)
µτ ′τ (zjp)
µτ ′−nD+1,τ (zn)
µτ ′−nD+1,τ+nA−1(zn)
ντ+nA(zn)
ντ+nA(zjp)
ωnAgn,jp
nA∏
r=1
r(6=p)
fjr ,jp = 0.
or, explicitly,
nA∏
p=1
znB+p−znω
znB+p−zn
−
tznω
τ+nA+1−1
tznωτ+1−1
+
nA∑
p=1
tznB+pω
τ+1−1
tznωτ+1−1
zn(1−ω)
zn−znB+p
nA∏
r=1
r(6=p)
znB+r−znB+pω
znB+r−znB+p
= 0.
Lemma B.4.∑
{jℓ},{kℓ}
nB+nA+nD=n
nA∏
p=1
µτ+nD,τ+nD(zjp)
µτ+nD,τ+nD+p−1(zjp)
ντ+nD+p(zjp)
nD∏
q=1
−µτ+nD,τ+nD(zkq )
µτ+nD−q+1,τ+nD(zkq )
ντ+nD−q+1(zkq )
×
∏
i∈{iℓ}
j∈{jℓ}
ωfjpir
∏
i∈{iℓ}
k∈{kℓ}
ωfkqir
∏
j∈{jℓ}
k∈{kℓ}
ωfkqjp = 0.
or, explicitly,
∑
{jℓ},{kℓ}
nA+nD=n−nB
(−)nD
nA∏
p=1
1
tzjpω
τ+nD+1 − 1
nD∏
q=1
ωq−1
tzkqω
τ+nD − 1
nA∏
p=1
nD∏
q=1
zkq − zjpω
zkq − zjp
= 0.
C Proof of Proposition 4.2
We give a proof of Proposition 4.2. The detailed proof for the case of the XXZ-Heisenberg spin
chain at roots of unity is presented in [25]. Here we show only some different points from it.
For simplicity, we consider the representation ϕ+ of the Borel subalgebra b+. Let A˜i = A˜(zi),
B˜i = B˜(zi), C˜i = C˜(zi) and D˜i = D˜(zi) for i ∈ ΣM = {1, 2, . . . ,M}. One of the relations in
Lemma A.1 is rewritten as follows:
C˜0B˜1 · · · B˜M
= B˜1 · · · B˜M C˜0 +
M∑
i=1
g˜0iB˜1 · · ·
i
ˇ· · · B˜M
(( ∏
j( 6=i)
f˜0j f˜ji
)
A˜0D˜i −
( ∏
j( 6=i)
f˜j0f˜ij
)
A˜iD˜0
)
−
∑
i6=j
g˜0ig˜0jB˜0B˜1 · · ·
i
ˇ· · ·
j
ˇ · · · B˜M f˜ij
( ∏
l( 6=i,j)
f˜ilf˜lj
)
A˜iD˜j, (C.1)
where
f˜ij = f˜(zi/zj) =
z2i q
−1 − z2j q
z2i − z
2
j
, g˜ij = g˜(zi/zj) =
zizj(q
−1 − q)
z2i − z
2
j
.
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Lemma C.1. Let Sn = {i1, i2, . . . , in} be a subset of the set ΣM . We have
(C+)
n
( ∏
l∈ΣM
B˜l
)
|0〉 = ∆(Sn; ΣM )
∑
Sn⊂ΣM
( ∏
l∈ΣM\Sn
B˜l
)
|0〉 (C.2)
with the coefficient ∆(Sn; ΣM ) given by
∆(Sn; ΣM ) =
( ∏
i∈Sn
zi
) ∑
P∈Sn
n∑
l=0
(−)l
[n
l
]
q
n(n−1)
2 −(n−1)l
∏
16j6n−l
α
ΣM\Sn
iPj
∏
n−l<j6n
α¯
ΣM\Sn
iPj
∑
16r<s6n
f˜iPr,iPs ,
Here Sn is the symmetric group of order n acting on the set {1, 2, . . . , n} and
αSi = α
S(zi) := q
−N−12 L
L∏
n=1
(t
1
2
pnziǫ
1
2 q
N
2 − t
− 12
pn z
−1
i ǫ
− 12 q−
N
2 )
∏
j∈S
qf˜ij ,
α¯Si = α¯
S(zi) := q
N−1
2 L
L∏
n=1
(t
1
2
pnziǫ
− 12 q−
N
2 +1 − t
− 12
pn z
−1
i ǫ
1
2 q
N
2 −1)
∏
j∈S
q−1f˜ji.
Proof. The case n = 1 is obtained in the limit z0 →∞ of the relation (C.1) divided by the factor
m(z0)n+(z0). For general n, we use induction on n.
We consider a diagonal condition x+0 x
−
1 Ω = χ
+
1 Ω for the regular Bethe state |R〉 in the sector
with A2 = qL. Set M = R + N and n = N in (C.2). Let {zi|1 6 i 6 R} be a regular solution
of the Bethe equations (4.4) and put {z2R+l = ǫ
−1
l := e
Λq−2l|1 6 l 6 N}. We assume that the
solution {zi|1 6 i 6 R} is also regular in the limit εq
N → 1. Then we have
(C+)
N
( ∏
l∈ZN
B˜l
)( ∏
i∈ΣR
B˜i
)
|0〉 = ∆(SN ; ΣR+N )
∑
Sn⊂ΣR+N
( ∏
l∈ΣR+N\SN
B˜l
)
|0〉,
where ZN := {R+1, . . . , R+N}. We investigate the diagonal term SN = ZN in the limit Λ→ −∞
after dividing both sides of the equation by the factor
∏
l∈ZN m(zR+l)n+(zR+l).
Lemma C.2. We have
∆ˆ(ZN ; ΣR+N ) :=
( ∏
l∈ZN
1
m(zl)n+(zl)
)
∆(ZN ; ΣR+N )
= ǫ−N0
[N ]!
q
N(N+1)
2 +N (q − q−1)N
Φ(ǫ0)
N∑
l=0
(−)l
[
N
l
]
q−(N−1)l
∏N−1
j=1 φ+(ǫj+lεq
−N)
F+(ǫl)F+(ǫl+1)
,
where
φ+(ξ) =
L∏
n=1
(1− t−1n ξ), F+(ξ) =
R∏
i=1
(1− z2i ξ), Φ(ǫ0) :=
φ+(ǫ0εq
N)F+(ǫ0)F+(ǫN+1)∏N
j=1 φ+(ǫjq
−1)
.
Proof. From SN = {i1, . . . , iN} = {R+ 1, . . . , R+N}, we have∏
l∈ZN
1
m(zl)
∑
P∈SN
∏
16j6N−l
αΣRR+Pj
∏
N−l<j6N
α¯ΣRR+Pj
∏
16r<s6N
f˜R+Pr,R+Ps
=
∏
l<j6N
(φ+(ǫjεq−N)
φ+(ǫjq−1)
F+(ǫj+1)
F+(ǫj)
)∏
16j6l
(φ+(ǫjεqN−2)
φ+(ǫjq−1)
F+(ǫj−1)
F+(ǫj)
)
[N ]!
=
φ+(ǫ0εq
N )F+(ǫ0)F+(ǫN+1)∏N
j=1 φ+(ǫjq
−1)
∏N−1
j=1 φ+(ǫj+lεq
−N)
F+(ǫl)F+(ǫl+1)
[N ]!.
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Here we have used the fact that
∏
16r<s6N f˜R+Pr,R+Ps = 0 unless P is the longest element in the
symmetric group SN .
We define χ˜+m by the following series expansion:∏N−1
j=1 φ+(ξεq
2j−N−1)
F+(ξq)F+(ξq−1)
=
∑
m>0
χ˜+m(−ξ)
m. (C.3)
Lemma C.3. In the limit Λ→∞, that is, ǫ0 → 0, we have
∆ˆ(ZN ; ΣR+N ) = χ˜
+
N ([N ]!)
2 +O(ǫ0).
Proof. Put ξ = ǫ0q
2l+1 in the definition of χ+N (C.3). Then
N∑
l=0
(−)l
[
N
l
]
q−(N−1)l
∏N−1
j=1 φ+(ǫ0εq
2j+2l−N )
F+(ǫ0q2l)F+(ǫ0q2l+2)
=
N∑
l=0
(−)l
[
N
l
] ∞∑
m=0
χ˜+m (−ǫ0q)
mq(2m−N+1)l
=
∞∑
m=0
χ˜+m(−ǫ0q)
m
N−1∏
l=0
(1 − q2(m−l)) = χ˜+N ǫ
N
0 [N ]! q
N(N+1)
2 +N (q − q−1)N +O(ǫN+10 ),
where we have used the q-binomial theorem and
∏N−1
l=0 (1− q
2(m−l)) = 0 for 0 6 m 6 N − 1.
Proposition C.4. Let q be the N th primitive root of unity for odd N and the 2N th primitive root
of unity for odd N . The regular Bethe state |R〉 in the sector with A2 = qL satisfies
ϕ+(x
+
0 )
m
m!
ϕ+(x
−
1 )
m
m!
|R〉 = χ+mN |R〉,
where χ+m = limεqN→1 χ˜
+
m.
Proof. We consider only the case m = 1. The case of general m is proved in a similar way by
setting M = R+mN and n = mN in (C.2). From the lemma above, we have
(C+)
N
( ∏
l∈ZN
1
m+(zl)n(zl)
B˜l
)
|R〉 = χ+N ([N ]!)
2|R〉+O(ǫ0) + off-diagonal terms,
which, in the limit Λ→∞, yields
(C+)
N
[N ]!
(B+)
N
[N ]!
|R〉 = χ˜+N |R〉+ off-diagonal terms.
In the sector with A2 = qL, the off-diagonal terms vanish in the limit εqN → 1 [21].
By taking the limit εqN → 1 in the definition of χ˜+m (C.3), we have∏N−1
j=1 φ+(ξq
2j−1)
F+(ξq)F+(ξq−1)
=
∑
m>0
χ+m(−ξ)
m.
The numerator of the left-hand side is rewritten as
N−1∏
j=1
φ+(ξq
2j−1) =
L∏
n=1
1− t−Npn ξ
Nq−N
1− t−1pn ξq−1
.
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Then we obtain ( L∏
n=1
1− t−Npn ξ
Nq−N
1− t−1pn ξq−1
) 1
F+(ξq)F+(ξq−1)
=
∑
m>0
χ+m(−ξ)
m.
By taking the sum over τ = 0, 1, . . . , N − 1 after the substitution ξ 7→ ξq2τ+1, we have
N−1∑
τ=0
( L∏
n=1
1− t−Npn ξ
N
1− t−1pn ξq2τ
) 1
F+(ξq2τ )F+(ξq2τ+2)
=
N−1∑
τ=0
∑
m>0
χ+m(−ξq)
mq2τm = N
∑
m>0
χ+mN (−ξ
N )m = NP+D (ξ
N ),
which proves Proposition 4.2.
We give a remark. One can derive Proposition 4.2 from the proof of the spin-1/2 inhomogeneous
case through the fusion method [25]. However, we have presented the direct and straightforward
approach here.
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